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HOPF ALGEBRAS OF DIMENSION pq, II
SIU-HUNG NG
Abstract. Let H be a Hopf algebra of dimension pq over an algebraically
closed field of characteristic zero, where p, q are odd primes with p < q ≤
4p + 11. We prove that H is semisimple and thus isomorphic to a group
algebra, or the dual of a group algebra.
Introduction
In recent years, there has been some progress on the classification of finite-
dimensional Hopf algebras of dimension pq over an algebraically closed field k of
characteristic 0, where p, q are prime numbers. The case for p = q has been settled
completely in [N1], [N3] and [Ma]. They are group algebras and Taft algebras of
dimension p2 (cf. [T]). However, the classification for the case p 6= q remains open
in general.
In the works [EG1] and [GW], the semisimple case of the problem has been
solved; namely, any semisimple Hopf algebra of dimension pq is isomorphic to a
group algebra or the dual of a group algebra. It is natural to ask whether Hopf
algebras of dimension pq, where p < q are prime numbers, are always semisim-
ple. The question has been answered affirmatively in some specific low dimensions.
Williams settled the dimensions 6 and 10 in [W], Andruskiewitsch and Natale did
dimensions 15, 21, and 35 [AN], and Beattie and Da˘sca˘lescu did dimensions 14, 55,
65, and 77 [BD].
More recently, the author has proved that if p, q are twin primes, or p = 2,
then Hopf algebras of dimension pq are semisimple (cf. [N2] and [N4]). Meanwhile,
Etingof and Gelaki proved the same result for 2 < p < q ≤ 2p + 1 by considering
the indecomposable projective modules over these Hopf algebras (cf. [EG2]).
In this paper, we will study the indecomposable modules over these Hopf alge-
bras. We prove that if p, q are odd primes and p < q ≤ 4p+ 11, then every Hopf
algebra of dimension pq over k is semisimple (Theorem 4.1). The result covers all
odd dimensions listed above.
The organization of the paper is as follows: we begin with some notations and
preliminary results for modules over a finite-dimensional Hopf algebra in Section 1.
In Section 2, we obtain a lower bound for the dimensions of certain indecomposable
modules over a non-semisimple Hopf algebra H of dimension pq. In Section 3, we
further assume H is not unimodular, and consider the action of the group G(H∗) of
all group-like elements of H∗ on the set Irr(H) of isomorphism classes of simple H-
modules. We obtain some lower bounds for the number of G(H∗)-orbits in Irr(H).
We finally prove our main result in Section 4.
The research was partially supported by NSA grant no. H98230-05-1-0020.
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Throughout this paper, the base field k is always assumed to be algebraically
closed of characteristic zero and the tensor product ⊗ means ⊗k, unless otherwise
stated. The notation introduced in Section 1 will continue to be used in the remain-
ing sections. The readers are referred to [Mo] and [S] for elementary properties of
Hopf algebras.
1. notations and preliminaries
Let H be a finite-dimensional Hopf algebra over k with antipode S, counit ǫ.
There are natural actions ⇀ and ↼ of H∗ on H given by
f ⇀ a = a1f(a2), and a ↼ f = f(a1)a2
where ∆(a) = a1 ⊗ a2 is Sweedler’s notation with the summation suppressed. For
f ∈ H∗, we define the k-linear endomorphism L(f) and R(f) on H by
L(f)(a) = f ⇀ a, and R(f)(a) = a ↼ f.
A non-zero element a of H is said to be group-like if ∆(a) = a ⊗ a, and we
denote by G(H) the set of all group-like elements of H . For β ∈ G(H∗), β is an
algebra epimorphism from H onto k. The associated maps L(β), R(β) are algebra
automorphisms of H , and they commute with S2. Moreover, each β ∈ G(H∗) is
a degree 1 irreducible character of H . We will denote by kβ the 1-dimensional
H-module which affords the character β. In particular, kǫ is the trivial H-module
k.
Let Λ be a non-zero left integral of H . The distinguished group-like element
α of H∗ is defined by Λa = α(a)Λ for a ∈ H . Similarly, if λ ∈ H∗ is a non-
zero right integral of H∗, the distinguished group-like element g of H is defined by
f ∗ λ = f(g)λ for all f ∈ H∗. In this convention, the celebrated Radford formula
[R1] is given by
(1.1) S4(h) = g(α ⇀ h ↼ α−1)g−1 for h ∈ H .
The non-zero right integral λ defines a non-degenerate associative bilinear form on
H , and so H is a Frobenius algebra. By [R2],
(1.2) λ(ab) = λ(θ(b)a) for a, b ∈ H ,
where θ(b) = S2(b ↼ α). Therefore, θ−1 is the associatedNakayama automorphism.
Recall that the left dual V ∨ of an H-module V is the left H-module with the
underlying space V ∗ = Homk(V, k) and the H-action given by
(hf)(x) = f(S(h)x) for x ∈ V, f ∈ V ∗ .
Similarly, the right dual ∨V of V is the left H-module V ∗ with the same underlying
space V ∗ and the H-action given by
(hf)(x) = f(S−1(h)x) for x ∈ V, f ∈ V ∗ .
Given an algebra automorphism σ onH , one can twist the action of anH-module
V by σ to obtain another H-module σV . More precisely, σV is an H-module on V
with the action given by
h ·σ v = σ(h)v for h ∈ H, v ∈ V.
σ(−) defines a k-linear equivalence on the category H-modfin of finite-dimensional
left H-module. In particular, if σ is an inner automorphism of H , then σ(−) is
k-linearly equivalent to the identity functor.
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Using the above notation, one can easily see that ρ : kβ ⊗ V ∨∨ → S2◦R(β)V
defined by
(1.3) ρ(1⊗ vˆ) = v
is a natural isomorphism of H-modules for V ∈ H-modfin and β ∈ G(H∗), where
vˆ ∈ V ∗∗ denotes the natural image of the element v ∈ V . In particular, we have
the H-module isomorphisms
V ∨∨ ∼= S2V, and kα ⊗ V ∨∨ ∼= θV .
Similarly, one also have the H-module isomorphisms
∨∨V ∼= S−2V and kα−1 ⊗ ∨∨V ∼= θ−1V .
By Radford’s antipode formula (1.1), we also have
(1.4) kα ⊗ V ∨∨∨∨ ⊗ kα−1 ∼= kα ⊗ S4V ⊗ kα−1 ∼= V .
It follows from a property of Frobenius algebras that an H-module is projective
if, and only if, it is injective. Each indecomposable projective H-module P is
isomorphic to He for some primitive idempotent e ∈ H . Moreover, the socle Soc(P )
and the head Head(P ) = P/JP of P are simple (cf. [CR, IX]). Let us denote the
projective cover and the injective envelope of an H-module V by P (V ) and E(V )
respectively. If V is a simple H-module, then V = Soc(P (V )) is also simple, and
so P (V ) ∼= E(V ). The assignment of simple H-module V 7→ Soc(P (V )) defines a
permutation on a complete set of non-isomorphic simple H-modules, and its inverse
π is called the Nakayama permutation (cf. [La, §16A]), i.e. P (π(V )) ∼= E(V ). By
[La, §16C], if P (V ) ∼= He for some primitive idempotent e ∈ H , we have
(1.5) P (π(V )) ∼= Hθ−1(e)
and so V ∼= Soc(Hθ−1(e)). This allows us to rewrite the Nakayama permutation
as in the following lemma.
Lemma 1.1. Let H be a finite-dimensional Hopf algebra over k with distinguished
group-like element α ∈ H∗, and V a simple H-module. Then π(V ) ∼= θV and hence
(1.6) kα−1 ⊗ ∨∨V ∼= Soc(P (V )) and V ∼= Soc(P (kα ⊗ V ∨∨)) .
Moreover, V is projective if, and only if, dimP (V ) < 2 dimV . In this case, V ∼=
kα ⊗ V ∨∨ as H-modules.
Proof. Let e be a primitive idempotent of H such that Head(He) ∼= V . Note that
θ(He) ∼= Hθ−1(e) as H-modules under the map he 7→ θ−1(he). By (1.5),
π(V ) ∼= Head θ(He) ∼= θV .
Since θV ∼= kα ⊗ V ∨∨, the second isomorphism of (1.6) follows immediately from
the definition of Nakayama permutation. Since kα−1 ⊗∨∨(kα⊗V ∨∨) ∼= V , we have
π−1(V ) ∼= kα−1 ⊗ ∨∨V and hence kα−1 ⊗ ∨∨V ∼= Soc(P (V )).
If V is not projective, then
dimP (V ) ≥ dimSoc(P (V )) + dimHead(P (V )) = 2 dimV .
Obviously, if V is projective, then P (V ) = V and hence dimP (V ) < 2 dimV . In
this case, kα ⊗ V ∨∨ is also projective. Therefore, we have
V ∼= SocP (kα ⊗ V ∨∨) ∼= kα ⊗ V ∨∨. 
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Lemma 1.2. Let V ∈ H-modfin such that V ∼= kβ ⊗ V ∨∨ for some non-trivial
β ∈ G(H∗). Then Tr(τ) = 0 for τ ∈ HomH(V, σV ), where σ = S2 ◦R(β).
Proof. Note that the evaluation map ev : V ∨ ⊗ V → k and the diagonal basis
map db : k → V ⊗ V ∨ defined by db(1) = ∑i xi ⊗ xi are H-module homomor-
phisms, where {xi} is a basis for V and {xi} is the dual basis for V ∗. Consider the
composition
(1.7) k
db−→ V ⊗ V ∨ τ⊗id−−−→ σV ⊗ V ∨ ρ
−1⊗id−−−−−→ kβ ⊗ V ∨∨ ⊗ V ∨ id⊗ ev−−−−→ kβ
of H-module maps, where ρ is defined in (1.3). The composition is a scalar given
by ∑
i
xi(τ(xi)) = Tr(τ).
Since k and kβ are not isomorphic as H-modules, the composition is a zero map
and hence
Tr(τ) = 0 . 
The composition displayed in (1.7) may not be zero if β is trivial. However, if
H is not semisimple and V is projective, then such composition must be zero. For
otherwise, db : k→ V ⊗ V ∨ is a split embedding and hence k is a direct summand
of the projective H-module V ⊗ V ∨. This implies k is projective. However, k is
not projective if H is not semisimple (cf. [EG2, Lemma 2.2]). The reason for this
observation has been presented in the proofs of [EG2, Lemma 2.11], [EO, Theorem
2.16] and [Lo, Theorem 2.3 (b)]. We state this conclusion as
Lemma 1.3. Let V be a projective module over a non-semisimple finite-dimensional
Hopf algebra H such that V ∼= V ∨∨. Then for all homomorphism φ : V → S2V of
H-modules, Tr(φ) = 0. 
We close this section with a generalization of [EG2, Proposition 2.5].
Lemma 1.4. Let β be a group-like element of H∗. Suppose that V ∈ H-modfin is
indecomposable and kβ ⊗ V ∼= V . Then ord(β) | dimV .
Proof. Note that kβ⊗V ∼= R(β)V asH-modules. Let n = ord(β) and η : R(β)V → V
an isomorphism ofH-modules. Since R(β)n = idH , R(β) is diagonalizable. Suppose
h ∈ H is an eigenvector of R(β). Then R(β)(h) = ωh for some n-th root of unity
ω ∈ k, and
ωη(hv) = η(R(β)(h)v) = hη(v)
for all v ∈ V . Thus, ηn is an H-module automorphism on V . Since V is finite-
dimensional and indecomposable, EndH(V ) is a finite-dimensional local algebra
over k (cf. [P]). Since k is algebraically closed, ηn = c · idV for some c ∈ k. By
dividing η with an n-th root of c, one may assume ηn = idV . Then V is a left
k[β]-module with the action given by
βv = η(v), v ∈ V.
Define the right H∗-comodule structure ρ : V → V ⊗H∗, ρ(v) =∑ v0 ⊗ v1 by the
equation
hv =
∑
v0v1(h) for all h ∈ H .
It is straightforward to check that ρ(βv) = βρ(v) for v ∈ V , and so V ∈ k[β]MH∗ .
By the Nichols-Zoeller Theorem, V is a free k[β]-module. In particular, ord(β)
divides dimV . 
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2. Non-semisimple Hopf algebras of dimension pq
Throughout the remaining discussion, we will assume H to be a non-semisimple
Hopf algebra over k of dimension pq, where p, q are primes and 2 < p < q. The
antipode of H will continue to be denoted by S. By [LR1], H∗ is also a non-
semisimple Hopf algebra of dimension pq with antipode S∗.
In this section, we will obtain a lower bound for the dimensions of certain in-
decomposable H-modules V which satisfy V ∼= kβ ⊗ V ∨∨ for some β ∈ G(H∗)
(Corollary 2.3). We begin with the following lemma:
Lemma 2.1. H, p, q, S as above. Then:
(i) H or H∗ is not unimodular.
(ii) |G(H)| = 1 or p.
(iii) ordS2 = 2p.
(iv) Let C be a subcoalgebra of H invariant under S2p and C * kG(H). Then
S2p|C 6= idC.
(v) Let V be an indecomposable H-module with dimV > 1. Then there exist
h ∈ H, v ∈ V such that hv 6= S2p(h)v.
(vi) There exists a simple H-module V such that
dimV > 1 and dimP (V ) ≥ 2 dimV.
Proof. (i) Since dimH is odd, it follows from [LR2, Theorem 2.2] that H or H∗ is
not unimodular.
(ii) follow immediately from [N1, Proposition 5.2].
(iii) By [N1, Proposition 5.2 and Theorem 5.4], ordS4 = p and Tr(S2p) = p2d for
some odd integer d. If S2p = id, then pd = q which contradicts that p, q are distinct
primes. Therefore, ordS2 = 2p and this proves (iii).
(iv) Let B be the subalgebra of H generated by C. Then B is a bialgebra and hence
a Hopf subalgebra of H . In particular, dimB = 1, p, q or pq. If dimB ∈ {1, p, q},
then B is a group algebra (cf. [Z]) and hence C ⊆ B ⊆ kG(H). The assumption
of C forces dimB = pq or equivalently B = H . If S2p|C = idC , then S2p|B = idB
and this contradicts (iii). Therefore, S2p|C 6= idC .
(v) Suppose that hv = S2p(h)v for all h ∈ H and v ∈ V . Let I ⊆ H be the
annihilator of V , and π : H → H/I the natural surjection. Then S2p(h)−h ∈ I for
h ∈ H , and so π ◦ S2p = π. Hence we have the commutative diagram of coalgebra
maps:
H∗
(S2p)∗=(S∗)2p .

(H/I)∗
π∗
##H
HH
HH
HH
HH
π∗
;;vvvvvvvvv
H∗
Let C = π∗(H/I)∗. Then the commutative diagram implies that (S∗)2p(C) = C
and (S∗)2p|C = idC . Since V is an indecomposable H/I-module and dimV >
1, H/I is not a commutative semisimple algebra. Hence C is not cosemisimple
cocommutative. In particular, C * kG(H∗). However, this contradicts (iv).
(vi) Suppose the statement is false. Then, by Lemma 1.1, every simple H-module
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V with dimV > 1 is projective. Thus the composition factors of P (k) are all
1-dimensional. By [EG2, Lemma 2.3], P (k) is a direct sum of 1-dimensional H-
modules. Hence k = P (k). However, this contradicts [EG2, Lemma 2.2] that k is
not projective. 
Lemma 2.2. Let σ = S2 ◦ R(β) for some β ∈ G(H∗), and let V ∈ H-modfin be
indecomposable with dimV > 1 and V ∼= σV . Then:
(i) For any isomorphism φ : V → σV of H-modules, φp 6= id.
(ii) There exists an H-module isomorphism ψ : V → σV such that ψ2p = id and
Tr(ψp) is a non-negative integer.
Proof. (i) By Lemma 2.1(ii), σp = S2p. Suppose there exists an H-module map
φ : V → σV such that φp = id. Then for all h ∈ H and v ∈ V ,
hv = φp(hv) = σp(h)φp(v) = σp(h)v = S2p(h)v .
This contradicts Lemma 2.1(v).
(ii) Let φ : V → σV be an isomorphism of H-modules. Then for all h ∈ H and
v ∈ V , we have
hv = φ2p(hv) = σ2p(h)φ2p(v) .
By Lemma 2.1(iii), σ2p = S4p = id, so φ2p is an H-module automorphism on V .
Since V is indecomposable, EndH(V ) is a finite-dimensional local k-algebra (cf.
[P]). In particular, φ2p = c idV for some non-zero c ∈ k. Let t ∈ k be a 2p-th root
of c and φ = t−1φ. Then φ is also an isomorphism of H-module from V to σV
and (φ)2p = id. In particular, Tr(φ
p
) is an integer. Set ψ = −φ if Tr(φp) < 0, and
ψ = φ otherwise. Then ψ is a required isomorphism. 
We close this section with following corollary which is an enhanced result of
[EG2, Lemma 2.11].
Corollary 2.3. Let V an indecomposable H-module of odd dimension which sat-
isfies one of the following conditions:
(I) V ∼= kβ ⊗ V ∨∨ for some non-trivial element β ∈ G(H∗),
(II) V ∼= V ∨∨ and V is projective.
Then dim(V ) ≥ p+ 2.
Proof. Notice that any 1-dimensional H-module does not satisfy (I) or (II). There-
fore, if V satisfies condition (I) or (II), then dimV > 1. Since V ∼= kβ ⊗ V ∨∨,
V ∼= σV where σ = S2 ◦ R(β). By Lemma 2.2, there exists an H-module isomor-
phism ψ : V → σV such that ψ2p = idV and Tr(ψp) ≥ 0. Since V satisfies (I)
or (II), it follows from Lemmas 1.2 and 1.3 that Tr(ψ) = 0. By a linear algebra
argument, Tr(ψp) = pd for some non-negative odd integer d (cf. [N1, Lemma 1.3]).
This forces dimV ≥ p. Suppose dimV = p. Then Tr(ψp) = p and hence ψp = idV .
However, this contradicts Lemma 2.2 (i). Therefore, dimV > p. 
3. Orbits of simple modules
We continue to assume that H is a non-semisimple Hopf algebra of dimension
pq with p, q prime and 2 < p < q. By duality and Lemma 2.1(i), we can further
assume that the distinguished group-like element α ∈ H∗ is non-trivial. Hence, by
Lemma 2.1(ii), 〈α〉 = G(H∗) and ordα = |G(H∗)| = p.
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Let us denote [V ] for the isomorphism class of an H-module V , and Irr(H) the
set of all isomorphism classes of simple H-modules. One can define a left action of
G(H∗) on Irr(H) as follows: β[V ] = [kβ ⊗ V ] for [V ] ∈ Irr(H). A right action of
G(H∗) on Irr(H) can be defined similarly. The orbits of [V ] ∈ Irr(H) under these
G(H∗)-actions are respectively denoted by Ol(V ) and Or(V ). A simple H-module
V is called regular if Ol(V ) = Or(V ). It is easy to see that kβ is left unstable and
regular for β ∈ G(H∗).
Following the terminology of [EG2], a simple H-module V is called left stable if
kα ⊗ V ∼= V , i.e. Ol(V ) is a singleton, or otherwise left unstable. We can define
right stable (resp. right unstable) H-modules similarly. The set of all left (resp.
right) G(H∗)-orbits in Irr(H) is denoted by Ol(H) (resp. Or(H)). In this section,
we obtain in Corollary 3.4 that |Ol(H)| ≥ 3. We also show in Proposition 3.5 that
if every simple H-module is regular and left unstable, then |Ol(H)| ≥ 4.
Remark 3.1. Since
Or(V
∨) = {[W∨] | [W ] ∈ Ol(V )}
for [V ] ∈ Irr(H), we find |Ol(H)| = |Or(H)|. Moreover, P (kβ ⊗ V ) ∼= kβ ⊗ P (V )
and P (V ⊗ kβ) ∼= P (V ) ⊗ kβ . Therefore, dimP (W ) = dimP (V ) for all [W ] ∈
Ol(V ) ∪Or(V ). In particular, dimP (k) = dimP (kβ) for all β ∈ G(H∗).
There is a lower bound for the dimensions of the left stable indecomposable
projective H-modules.
Lemma 3.1. If V is a left stable simple H-module, then dimP (V ) ≥ 2p.
Proof. By Lemma 1.4, dimV = np for some positive integer n. If dimP (V ) ≥
2 dimV then dimP (V ) ≥ 2p. Now we assume dimP (V ) < 2 dimV . By Lemma 1.1
that P (V ) = V and hence V ∼= kα ⊗ V ∨∨. By Corollary 2.3, dimV 6= p and hence
dimP (V ) = dimV ≥ 2p. 
Recall that if Q is a projective H-module, then Q is a direct sum of indecom-
posable projective H-modules. More precisely,
(3.8) Q ∼=
⊕
[V ]∈Irr(H)
NQV · P (V )
where the multiplicity NQV = dimHomH(Q, V ). Note that if V,W are simple, then
(3.9) dimHomH(P (V ),W ) = δ[V ],[W ].
For all X,Y ∈ H-modfin, X⊗Q and Q⊗Y are projective and we have the natural
isomorphisms of k-linear spaces
(3.10) HomH(X
∨ ⊗Q, Y ) ∼= HomH(Q,X ⊗ Y ) ∼= HomH(Q ⊗ ∨Y,X) .
Lemma 3.2. For [V ] ∈ Irr(H) and β ∈ G(H∗), we have
dimHomH(P (V )⊗ ∨V, kβ) ∼=
{
δǫ,β if V is left unstable,
1 if V is left stable.
Proof. By (3.10) and (3.9), we have
dimHomH(P (V )⊗ ∨V, kβ) = dimHomH(P (V ), kβ ⊗ V )
=
{
δǫ,β if V is left unstable,
1 if V is left stable.

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The following corollary gives a lower bound for the dimension contributed by a
left or right G(H∗)-orbit.
Corollary 3.3. For all simple H-module V , we have∑
[W ]∈O(V )
dimW dimP (W ) ≥ p · dimP (k)
where O(V ) = Ol(V ) or Or(V ).
Proof. If V is left unstable, then Lemma 3.2 implies that P (k) is a summand of
P (V )⊗ ∨V and so∑
[W ]∈Ol(V )
dimW dimP (W ) = p · dim(P (V )⊗ ∨V ) ≥ p · dimP (k) .
If V is left stable, then
⊕
β∈G(H∗)
P (kβ) is a summand of P (V ) ⊗ ∨V . Hence, by
Remark 3.1,∑
[W ]∈Ol(V )
dimW dimP (W ) = dim(P (V )⊗ ∨V ) ≥ p · dimP (k) .
Since Or(V ) = {[W∨] | [W ] ∈ Ol(∨V )}, we have
∑
[W ]∈Or(V )
dimW dimP (W ) =
∑
[W ]∈Ol(∨V )
dimW∨ · dimP (W∨)
=
∑
[W ]∈Ol(∨V )
dimW · dimP (W ) ≥ p · dimP (k) . 
Let {V0, · · · , Vℓ} be a set of simpleH-modules such thatOl(V0), . . . , Ol(Vℓ) are all
the disjoint orbits in Irr(H) with V0 = k. By Remark 3.1, dimP (Vi) = dimP (W )
for [W ] ∈ Ol(Vi). Let us simply denote di and Di respectively for dimVi and
dimP (Vi). Obviously, Di ≥ di ≥ 2 for i 6= 0. Since H is a Frobenius algebra, we
have
(3.11)
dimH =
∑
[V ]∈Irr(H)
dimV · dimP (V )
= p
∑
unstable Vi
diDi +
∑
stable Vi
diDi
(cf. [CR, 61.13]). Now we can show that ℓ ≥ 3.
Corollary 3.4. |Ol(H)|, |Or(H)| ≥ 3.
Proof. By Remark 3.1, it suffices to show |Ol(H)| ≥ 3. By Lemma 2.1(vi), there
exists a simple H-module V with dimV > 1. Therefore, |Ol(H)| ≥ 2. Suppose
there are exactly two orbits Ol(V0) and Ol(V1). By Lemma 2.1(vi), D1 ≥ 2d1 ≥ 4.
If V1 is stable, then (3.11) becomes
pq = pD0 + d1D1 .
Lemma 3.2 and (3.8) imply
d1D1 = dim(P (V1)⊗ ∨V1) = pD0 + n1D1
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for some non-negative integer n1 < d1. By eliminating D0, we find
q = (2d1 − n1)D1
p
.
Since P (V1) is also stable, D1 is divisible by p. This forces 2d1 − n1 = q and
D1 = p which contradicts Lemma 3.1. Therefore, V1 must be unstable. Now,
(3.11) becomes
pq = pD0 + pd1D1 .
Lemma 3.2 and (3.8) imply
d1D1 = dim(P (V1)⊗ ∨V1) = D0 + n1D1
for some non-negative integer n1 < d1. By eliminating D0, we find
q = (2d1 − n1)D1 .
Since 2d1 − n1 > 1 and D1 ≥ 4, the above equality contradicts that q is a prime.
Therefore, |Ol(H)| 6= 2 and hence |Ol(H)| ≥ 3. 
We close this section with the following proposition.
Proposition 3.5. If every simple H-module is left unstable and regular, then
|Ol(H)| ≥ 4.
Proof. By Corollary 3.4, it suffices to show |Ol(H)| 6= 3. Suppose that |Ol(H)| = 3.
By (3.8), (3.11) and Lemma 3.2, we have the equations:
pq = pD0 + pd1D1 + pd2D2,(3.12)
d1D1 = D0 +N
1
11D1 +N
2
11D2,(3.13)
d2D2 = D0 +N
1
22D1 +N
2
22D2,(3.14)
where N jii =
∑
β∈G(H∗)
dim (HomH(P (Vi)⊗ ∨Vi, kβ ⊗ Vj)). On the other hand, if
i 6= j, then [Vi] 6∈ Or(Vj) since Vj is regular. Therefore,
HomH(V
∨
j ⊗ P (Vi), kβ) ∼= HomH(P (Vi), Vj ⊗ kβ) = 0
for all β ∈ G(H∗), and so we have
d2D1 = M
1
21D1 +M
2
21D2,(3.15)
d1D2 = M
1
12D1 +M
2
12D2,(3.16)
where Mkji =
∑
β∈G(H∗)
dim
(
HomH(V
∨
j ⊗ P (Vi), kβ ⊗ Vk)
)
. By (3.10), we find
Mkji =
∑
β∈G(H∗)
dim (HomH(P (Vi)⊗ ∨Vk, Vj ⊗ kβ))
=
∑
β∈G(H∗)
dim (HomH(P (Vi)⊗ ∨Vk, kβ ⊗ Vj)) = N jik .
The second equality is a consequence of the regularity of Vj . Now, (3.15) and (3.16)
become
d2D1 = N
2
11D1 +M
2
21D2,(3.17)
d1D2 = M
1
12D1 +N
1
22D2.(3.18)
10 SIU-HUNG NG
Equations (3.12), (3.13) and (3.14) imply
q = (2d1 −N111)D1 + (d2 −N211)D2,(3.19)
q = (d1 −N122)D1 + (2d2 −N222)D2,(3.20)
1 < 2di −N iii and q > Di for i = 1, 2.(3.21)
In particular, D1, D2 are relatively prime. It follows from (3.17) and (3.18) that
D1 | d1 −N122, D2 | d2 −N211, d1 ≥ N122, d2 ≥ N211.
By Lemma 2.1 (vi), Di > di for some i = 1, 2. If D1 > d1, then d1 = N
1
22. Hence,
by (3.20), q = (2d2 − N222)D2. Similarly, if D2 > d2, then q = (2d1 − N111)D1.
However, both of these conclusions contradict that q is a prime number. 
4. The case q ≤ 4p+ 11
In this section, we prove our main result:
Theorem 4.1. Every Hopf algebra of dimension pq over k, where p, q are odd
primes with p < q ≤ 4p+ 11, is trivial.
By [EG1], it suffices to show that Hopf algebras of these dimensions are semisim-
ple. We proceed to prove that by contradiction. Suppose there exists a non-
semisimple Hopf algebra H of these dimensions. By duality and Lemma 2.1(i), we
can further assume the distinguished group-like element α ∈ H∗ is not trivial.
Let D0 denote dimP (k). Since the composition factors of P (k) cannot be all
1-dimensional (cf. [EG2, Lemma 2.3]), D0 ≥ 4. It follows from Lemma 3.3 that
(4.22)
∑
[W ]∈O(V )
dimW dimP (W ) ≥ pD0 ≥ 4p
for all simple H-modules V .
Lemma 4.2. A simple H-module V is left stable if, and only if, V is right stable.
In this case, dimV ≥ 2p.
Proof. Let V be a left stable simple H-module. By Lemma 1.4, dimV = np for
some positive integer n. It follows from Lemma 3.1 that dimV · dimP (V ) ≥ 2p2.
Notice that W is left stable for [W ] ∈ Or(V ). By Corollary 3.4, there exists a
right G(H∗)-orbit different from Or(V ), Or(k). If V is not right stable, then by
Corollary 3.3 and (4.22),
dimH ≥
∑
[W ]∈Or(V )
dimW dimP (W ) + pD0 + pD0
≥ p(2p2) + 8p > 4p2 + 11p .
Therefore, V is also right stable. Conversely, if V is right stable, then ∨V is left
stable. Hence, by the first part of the proof, ∨V is also right stable. Therefore,
V ∼= (∨V )∨ is left stable.
Now let V be a left stable simple H-module. Since V is also right stable,
V ∨∨∨∨ ∼= kα−1 ⊗ V ⊗ kα ∼= V . Consider the set A = {[V ], [V ∨], [V ∨∨], [V ∨∨∨]}.
Since [V ∨∨∨∨] = [V ] and S4p = id, the cyclic group C4p = 〈x〉 of order 4p acts
transitively on A with
x · [V ] = [V ∨] .
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Thus |A| = 1, 2 or 4. If |A| = 4, then
dimH ≥ 4 dimV dimP (V ) + pD0 ≥ 8p2 + 4p > 4p2 + 11p .
Therefore, |A| ≤ 2, and so [V ∨∨] = x2 · [V ] = [V ]. Thus we obtain kα ⊗ V ∨∨ ∼= V .
By Corollary 2.3, dimV 6= p and hence dimV ≥ 2p. 
Lemma 4.3. H has no left or right stable simple H-module.
Proof. By Lemma 4.2, it suffices to show that left stable simple H-modules do not
exist. Suppose there is a left stable simple H-module V .
(1) V is projective. For otherwise, by Proposition 1.1 and Lemma 4.2, P (V ) ≥
2 dimV ≥ 4p and so
dimH ≥ dimV dimP (V ) + pD0 ≥ 8p2 + 4p > 4p2 + 11p .
(2) V is the unique left stable simple H-module. If there exists a left stable simple
H-module W not isomorphic to V , then dim V, dimW ≥ 2p and so
dimH ≥ dimV dimP (V ) + dimW dimP (W ) + pD0 ≥ 8p2 + 4p .
(3) Since V is projective, by Lemma 2.1(vi), there exists a simple H-module W
such that dimP (W ) ≥ 2 dimW ≥ 4. Obviously, Ol(W ) is different from Ol(V ),
Ol(k). By (2), W is left unstable. Therefore,∑
[W ′]∈Ol(W )
dimW ′ dimP (W ′) = p dimW dimP (W ) ≥ p(2 · 4) = 8p
and hence
dimH ≥ dim V dimP (V ) + 8p+ pD0 ≥ 4p2 + 12p,
a contradiction! 
Lemma 4.4. |Ol(H)| ≥ 4 and D0 ≤ p+ 2.
Proof. To show the first inequality, by Proposition 3.5 and Lemma 4.3, it suffices
to prove that every simple H-module is regular. Suppose there exists a simple
H-module V such that Or(V ) 6= Ol(V ). Then dimV ≥ 2 and the set
A = {[kβ ⊗ V ⊗ kβ′ ] | β, β′ ∈ G(H∗)}
contains more than p elements. Obviously, the group G(H∗) ×G(H∗) acts transi-
tively on A. Therefore, |A| = p2. If V is not projective, then dim V ·dimP (V ) ≥ 2·4
and hence
dimH ≥
∑
[W ]∈A
dimW dimP (W ) + pD0
= p2 dim V dimP (V ) + pD0 ≥ 8p2 + 4p > 4p2 + 11p .
Therefore V is projective, and hence kβ ⊗V ⊗kβ′ are projective for β, β′ ∈ G(H∗).
By Lemma 2.1(vi), there exists a simple H-module W such that dimW ≥ 2 and
dimP (W ) ≥ 2 dimW . Thus,
dimH ≥ p2 dimV dimP (V ) + p dimW dimP (W ) + pD0 ≥ 4p2 + 8p+ 4p,
which is a contradiction! Therefore, every simple H-module is regular.
By Corollary 3.3 and the first inequality, we have
4p2 + 11p ≥ dimH ≥ 4pD0 .
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Therefore, D0 ≤ p+ 2. 
Lemma 4.5. If V is a simple H-module such that V ∼= kα−1 ⊗ V ⊗ kα, then
dimP (V ) ≥ 2 dimV .
Proof. Suppose V is an H-module such that kα−1 ⊗ V ⊗ kα ∼= V and dimP (V ) <
2 dimV . By Lemma 1.1, V is projective and V ∼= kα ⊗ V ∨∨. Since V ∨∨∨∨ ∼=
kα−1 ⊗ V ⊗ kα (cf. (1.4)), we have
V ∨∨ ∼= kα ⊗ V ∨∨∨∨ ∼= V ⊗ kα ,
and hence
V ∼= V ∨∨∨∨ ∼= V ∨∨ ⊗ kα ∼= V ⊗ kα2 .
Since ord(α) = p, V is right stable, but this contradicts Lemma 4.3. 
Using an argument similar to [EG2, Lemma 2.8], we find V ∨∨∨∨ ∼= V for all
V ∈ H-modfin in the following lemma.
Lemma 4.6. For all simple H-module V , V ∨∨∨∨ ∼= V and dimP (V ) ≥ 2 dimV .
Proof. By [EG2, Lemma 2.3], P (k) has a simple constituent U with dimU > 1.
Since P (k) ∼= kα−1 ⊗ P (k)⊗ kα, kβ−1 ⊗U ⊗ kβ are simple constituents of P (k) for
β ∈ G(H∗). By Lemma 4.4, dimP (k) ≤ p + 2 < 2p + 2. Therefore, U must be
invariant under the conjugation by kα.
Let E be the full subcategory of H-modfin consisting of those H-modules with
composition factors invariant under the conjugation by kα. Let V,W be simple
objects in E. Suppose V ⊗W 6∈ E. Then V ⊗W has a simple constituent X which
is not invariant under conjugation by kα. Then, [X ] 6∈ Ol(k) and kβ−1 ⊗ X ⊗ kβ
are composition factors of V ⊗W for β ∈ G(H∗). In particular, dimX > 1, and
hence dimV ⊗W ≥ p dimX ≥ 2p. Without loss of generality, we may assume that
dimV ≥ √2p. By Lemma 4.5, dimP (V ) ≥ 2 dimV ≥ 2√2p. Hence, by Lemma
4.4 and Corollary 3.3,
dimH ≥ p dimV dimP (V ) + 3pD0 ≥ 4p2 + 12p , a contradiction!
Therefore, V ⊗W ∈ E and so E forms a tensor subcategory ofH-modfin. There ex-
ists a quotient Hopf algebra H ′ of H such that E is tensor equivalent to H ′-modfin.
If H ′ 6∼= H , then dimH ′ = 1, p or q, and hence H ′ is an abelian group algebra
(cf. [Z]). Thus every simple H-module in E is one dimensional. This contradicts
that U ∈ E. Therefore, H ′ = H and hence every H-module is invariant under
the conjugation by kα. By (1.4), V ∨∨∨∨ ∼= V for all V ∈ H-modfin. The second
assertion follows immediately from Lemma 4.5. 
Remark 4.1. For all simple H-modules V with dimV ≥ 2,∑
[W ]∈Ol(V )
dimW dimP (W ) ≥ p dimV dimP (V ) ≥ 8p .
Lemma 4.7. D0 is an even integer.
Proof. Suppose D0 is odd. Since P (k) ∼= P (k)∨∨, by Corollary 2.3, D0 ≥ p + 2.
Recall from Corollary 3.3 that dimV dimP (V ) ≥ D0 for all simple H-modules V .
There exists a simple V such that dimV dimP (V ) > D0 for otherwise we have
pq = dimH = p · |Ol(H)| ·D0
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which contradicts that q is a prime. By Lemma 3.2, there is a simple H-module
W with dimW > 1 such that P (W )⊕P (k) is a direct summand of P (V )⊗ ∨V . It
follows from Lemma 4.6 that
dimV dimP (V ) ≥ D0 + dimP (W ) ≥ D0 + 4
and so
dimH ≥ 3pD0 + p dimV dimP (V ) ≥ p(4D0 + 4) ≥ 4p2 + 12p. 
Lemma 4.8. For any simple H-module V , V ∨∨ ∈ Ol(V ) if, and only if, V ∨∨ ∼= V .
Proof. If V ∨∨ ∈ Ol(V ), then V ∨∨ ∼= kβ⊗V for some β ∈ G(H∗). Since V ∨∨∨∨ ∼= V ,
we have
V ∼= (kβ ⊗ V )∨∨ ∼= kβ ⊗ V ∨∨ ∼= kβ2 ⊗ V.
By Lemma 4.3, V is left unstable. Therefore, β2 = ǫ and hence β = ǫ. Thus, we
have V ∨∨ ∼= V . The converse of the statement is obvious. 
Let S be a complete set of representatives of the left G(H∗)-orbits in Irr(H) with
k ∈ S. Then we have
pq = dimH =
∑
V ∈S
p dimV dimP (V )
= p
∑
V ∈S
V ∨∨ 6∼=V
dimV dimP (V ) + pD0 + p
∑
V ∈S\{k}
V ∨∨∼=V
dimV dimP (V ) .
By Lemma 4.8, the first term of the last expression is an even integer. The second
term is also even by Lemma 4.7. Therefore, the third term must be odd. There
exists X ∈ S \ {k} such that X ∼= X∨∨ and dimX dimP (X) is odd. In particular,
dimX and dimP (X) are odd integers > 1. It follows from Corollary 2.3 that
dimP (X) ≥ p+ 2. If dimX > 3, then
dimH ≥ 3pD0 + p dimX dimP (X) ≥ p(12 + 5(p+ 2)) > 4p2 + 11p .
Therefore, dimX = 3. Notice that X ⊗ P (k) has even dimension and it contains
a summand isomorphic to P (X). Since dimP (X) is odd and X ⊗ P (k) ∼= (X ⊗
P (k))∨∨, X ⊗P (k) must have another odd dimensional indecomposable projective
summand Q such that Q∨∨ ∼= Q. By Corollary 2.3, dimQ ≥ p+ 2 and hence
3D0 = dim(X ⊗ P (k)) ≥ dimP (X) + dimQ ≥ 2(p+ 2).
Therefore, D0 ≥ (2p+ 4)/3 and so
dimH ≥ p(3D0 + dimX dimP (X)) ≥ p(2p + 4 + 3(p + 2)) > 4p2 + 11p .
This is again a contradiction! That means non-semisimple Hopf algebras of dimen-
sion pq, where p and q are distinct odd primes with p < q ≤ 4p+ 11, do not exist.
This completes the proof of Theorem 4.1.
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